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Abstract

Bhattacharrya distance (BD) is a widely used dis-
tance in statistics to compare probability density func-
tions (PDFs). It has shown strong statistical proper-
ties (in terms of Bayes error) and it relates to Fisher
information. It has also practical advantages, since it
strongly relates on measuring the overlap of the sup-
ports of the PDFs. Unfortunately, even with common
parametric models on PDFs, few closed-form formu-
las are known. Moreover, the BD centroid estimation
was limited to univariate gaussian PDFs in the litera-
ture and no convergence guarantees were provided. In
this paper, we propose a closed-form formula for BD
on a general class of parametric distributions named
exponential families. We show that the BD is a Burbea-
Rao divergence for the log normalizer of the exponen-
tial family. We propose an efficient iterative scheme to
compute a BD centroid on exponential families. Finally,
these results allow us to define a Bhattacharrya hierar-
chical clustering algorithms (BHC). It can be viewed as
a generalization of k-means on BD. Results on image
segmentation shows the stability of the method.

1 Introduction

BD is a popular distance to compare distributions. It
is used for a wide class of applications including speech
recognition [5] or various image processing and com-
puter vision tasks such as video tracking [2]. This pop-
ularity comes from its simplicity and from its discrim-
inative power. Indeed minimizing BD on some space
of distributions strongly enforces overlap between the
supports of distributions. On a more theoretical point of
view, BD relates to the sup and the inf. on Bayes error
[7], while there are no such results for another popu-
lar distance the symmetric Kullback-Leibler (SKL). BD
and SKL also relates to the Fisher information.

There are two popular techniques in statistics to es-
timate PDFs from data points, parametric estimation,

praised for its simplicity and nonparametric estimation,
praised for its accuracy. A wide class of parametric
models on PDFs can be written in a unified manner as
exponential families [9]. The class of exponential fam-
ilies contains many of the standard parametric models
including Poisson, Gaussian, Multinomial distributions.

However, only a few closed-form formulas for BD
between those PDFs are known in the literature. For
instance, the BD between multivariate normal distri-
butions is given here [3]. Moreover, the BD centroid
defined as the minimizer of a sum of BD is still not
well studied, yet very useful point in clustering. Indeed,
many clustering algorithms, such as k-means Lloyd Al-
gorithms or Mean-Shift Algorithm [3, 2]. assume that
a mean can be easily computed. The BD centroid has
been only studied for univariate Gaussian distributions
[11], it is shown that it can estimated as an iterative al-
gorithm, although no convergence guarantees are given.
In this paper we study the BD centroid estimation on
exponential families for clustering applications. First
contribution, a closed-form formula for BD on expo-
nential families is given in Section 2. Second an it-
erative scheme is computed for any members of expo-
nential families in Section 3, including the multivariate
normals. It relies on the ConCave-Convex Procedure
(CCCP) [13] and CCCP convergence properties were
recently studied [12]. Third, we extend previous work
on BD centroids [11] to multivariate Gaussian in order
to compare it with our new scheme. Last contribution,
we plug those BD centroids into a hierarchical cluster-
ing algorithms to define a new Bhattacharrya hierarchi-
cal clustering technique (BHC) in Section 4. This BHC
is finally studied on image segmentation problems in
Section 5.

2 Bhattacharyya distance for exponential
families

Many usual statistical  parametric  distri-
butions  p(z; )  (e.g., Gaussian, Poisson,
Bernoulli/multinomial, Gamma/Beta, etc.) share



common properties arising from their common
canonical decomposition of probability distribution:

pla; ) = exp ((t(x),0) — F(0) + k(x)). (1)

An exponential family is characterized by its log-
normalizer F(0), and a distribution in that family by
its natural parameter 0 belonging to the natural space
O. t(z) is the sufficient statistic and k(z) is the carrier
measure.

For arbitrary distributions p and ¢, the Bhattacharyya
coefficient B.(p,q) = [ +/p(x)q(x)dz measures the
amount of overlap of these distributions. The BD is de-
rived from its coefficient as B(p, q) = — In B.(p, q).

Although the distance is symmetric, it is not a
metric. Nevertheless, it can be metrized using the
Hellinger/Matusita metric H(p,q) = +/1 — B(p,q).
In addition, note that the Voronoi diagram of
Helling/Matusita coincide with the one of the BD).

For distributions belonging to the same exponential
family, it turns out that the BD is always in closed-form.
Namely, it is a Jensen-Shannon divergence of the cumu-
lant function on natural parameters. Indeed, we have

B.(p.q) = / Vr@a@)dz
= exp <<t(:v), O ;r 9q> _F®) ;L (%) + k(éﬂ))

oy (p (P00 ) - EB) 2P

It follows that the BD for members of the same ex-
ponential family is F(ep);F(GQ) -F ep-gaq , hamely a

Burbea-Rao (extending Jensen-Shannon divergence) of
the cumulant function on the natural parameters.

The closed-form formula for a particular member of
an exponential family is then given by choosing the F
[9]. Some examples are provided in Table 1.

3 Method 1: Bhattacharrya centroids for
exponential families

Traditionally in the Euclidean space, the centroid is
defined as the minimizer of the average sum of squared
Euclidean distances, and the median as the minimizer
of the Euclidean distances !. Because Hellinger dis-

tance H(p,q) = /1 — B(p, q) is a metric built on the

Ithe squared Euclidean distance is not a metric since it violates the
triangle inequality

square root of the BD (and that the BD is not a met-
ric), it is natural to call the Bhattacharryya centroid the
minimizer of the average BD, called the loss function
L(e).

The BD centroid is defined as

n
¢ = argmin L(c) = arg min Z B(pi,e)  (2)
i=1

This is in accordance with the Bregman centroid
[8] that is an average Bregman divergence minimizer.
Since BD is symmetric, right and left sided centroids
are equal.

The CCCP [13] is a general purpose loss function
minimizer. Provided that the Hessian of the loss func-
tion function is bounded, we can always decompose an
arbitrary (non-convex) function as the sum of a convex
function with a concave function: L(c¢) = Leonvex(¢) +
Lconcave(c). For the Bhattacharrya centroid, this de-
composition is explicit as the term Lconyex(c) = @
is the convex function and the term Lcopcave(c) =
— > | F(B2E9) the concave function (since the sum
of concave functions is a concave function). Thus we
initialize the parameter O as the SKL centroid (known
in closed-form, [8]) and iteratively update

V Lonvex (@(k+1) ) = —V Leoncave (@(k) )

This optimization scheme monotonically decreases
the loss function until it reaches a local minimum or
saddle point.

®(k+1) = VLg()lllvex (_VLconcave(@(k)))

‘We have,

1 ,+ 0"
(k+1) _ -1 1 piTo "
0 VF (n Z VF < 5 > 3)

This is a generalized f-mean [8]. This formula is
the main result of the paper, it is an iterative scheme
to compute a Bhattacharrya centroid. It has two ma-
jor improvements on the scheme proposed on univariate
Gaussians [11] First, it can be computed on any mem-
ber of exponential families. Second convergence prop-
erties of CCCP have been studied [13, 12]. Note that the
CCCP algorithm can also be used to optimize the SKL
divergence (that is also known as the Jensen-Shannon
divergence). The SKL centroid is a symmetrized Breg-
man centroid for exponential families [8].

2the squared Euclidean distance is a Bregman divergence
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Table 1. BD given in closed-form for some exemplar members of exponential families

4 Method 2: Bhattacharyya centroids on
multivariate normals

A BD centroid for univariate Gaussians has previ-
ously been proposed in [11]. In order to compare it on
multivariate data with the scheme proposed in the pre-
vious section. we extend this framework to multivariate
Gaussians.

The loss function (2) now reads

n

O = Mgl () e

=1
1 det (LC+21’)

+ =1 — 2 7 . 4
908 (x/det Y. det 3, @)

In order to minimize it, let us differentiate with respect

to fic, let us note U; = (. + Zi)fl We used [10] p.10
(73)
OL -
= S O [U+ U e — il )
© =1

Then one can estimate iteratively (., since U; depends
on Y. which is unknown.

n -1

> Ui+ U]

i=1

i Ui+ U]

i=1

(6)
Now let us estimate .. We used [10] p.9 (55) for the
first term, [10] p.8 (51) for the two others.
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Taken into account the fact that ¥, is symmetric, dif-

ferential calculus on symmetric matrices can be simply
estimate:

dL oL oL1" . /oL
>, oy, {azc] — diag <825> - ®

Thus, if one notes
A= 20" U (e = i) (e = ) " UL 9)
i=1

and recalling that 3. is symmetric, one has to solve

n(28;! — diag(X;1)) = A+ AT — diag(A). (10)
Thus if one notes
B=A+ A" —diag(A) (11)

Then one can estimate X iteratively.
-1
R = 2p [(B® 4 diag(B™)) (12)

Finally, in this paper we propose two methods to com-
pute a centroid that minimizes a BD loss function.
Method 1 initializes with SKL centroid [8], and up-
dates it with the general iterative scheme for Expo-
nential Families presented in Eq.(3). Method 2 initial-
izes with SKL centroid and updates it alternatively with
Eq.(12) and Eq.(6). With these two methods for com-
puting centroids, one can do Bhattacharyya Hierarchi-
cal Clustering (BHC), building on Bregman Hierarchi-
cal Clustering described in [4] by plugging-in our tech-
niques to compute BD centroids and closed-form BD.

5 Experiments

The first results presented on Fig.1 are visual, the
goal is here to demonstrate the stability of our cluster-
ing. The image features used in this experiment are 5 di-
mensional (joint color and position). Note that method
1, Eq.(3), to compute BDs and BD centroids was used
here. Comparisons wit other Gaussian mixtures simpli-
fication techniques are out of the scope of this paper.
However, results on the same images with Bregman hi-
erarchical clustering (using SKL distance) can be found
on the JMEF home page [9]. In particular, BHC seems
to perform better on the last image. The second ex-
periment is numerical. Since we present two different



Figure 1. Segmentation results, first row : 4 Images,
second row 4 images segmented with a mixture of 48

5D Gaussians using hierarchichal mixture model, third
row, Gaussian mixtures reduced to 16 5D Gaussians
using BHC

schemes to compute the BD centroid, one wants to com-
pare them in terms of stability and accuracy. When-
ever the ratio of BD loss function between those cen-
troids is greater than 1%, we consider that one of the
two algorithms has failed (the one that gives the highest
BD). Among 760 centroids computed to generate Fig.1,
100% were correct with method 1, and 87% were cor-
rect with method 2. The average number of iterations to
reach this 1% accuracy is 4.1 for method 1, and 5.2 for
method 2. In terms of generalization (method 1 is valid
for all exponential families), stability (100% of rela-
tive convergence rate) and speed (1 iteration per cen-
troid difference) , method 1, Eq.(3), seems to provide
the most efficient scheme to compute BD centroids.

6 Conclusion

In this paper, we have shown how BD can be com-
puted in closed-form for exponential families. From
this formula, we were able to derive an efficient iterative
scheme to compute a BD centroid that seems to perform
better than an existing iterative scheme. This scheme
has proven to be simple yet very efficient to compute
the generalized k-means algorithms on BDs. An imple-
mentation of this clustering algorithm will be provided
in the jJMEF library. Future works will focus on BD
and BD centroids over mixture of exponential families.
It seems that BD on mixtures can be accurately esti-
mated from the BD between single components of the
mixture [5]. Finally, connections with Riemannian ge-
ometry and optimization on the cone of positive definite
matrices [9] will be studied.
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