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Abstract—Recent papers and patents in iterative unsupervised learning have emphasized a new trend in clustering. It basically
consists of penalizing solutions via weights on the instance points, somehow making clustering move toward the hardest points to
cluster. The motivations come principally from an analogy with powerful supervised classification methods known as boosting
algorithms. However, interest in this analogy has so far been mainly borne out from experimental studies only. This paper is, to the best
of our knowledge, the first attempt at its formalization. More precisely, we handle clustering as a constrained minimization of a
Bregman divergence. Weight modifications rely on the local variations of the expected complete log-likelihoods. Theoretical results
show benefits resembling those of boosting algorithms and bring modified (weighted) versions of clustering algorithms such as
k-means, fuzzy c-means, Expectation Maximization (EM), and k-harmonic means. Experiments are provided for all these algorithms,
with a readily available code. They display the advantages that subtle data reweighting may bring to clustering.

Index Terms—Clustering, Bregman divergences, k-means, fuzzy k-means, expectation maximization, harmonic means clustering.
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1 INTRODUCTION

RECENTLY, a new methodology in the design of supervised
learning algorithms has allowed us to obtain dramatic

improvementsofclassificationperformances: theconstrained
minimization of Bregman divergences [1]. A Bregman
divergence is, informally speaking, the tail of the Taylor
expansion of a differentiable convex function. A famous
problemincomputational learning theorywasaddressedand
solved by this technique [2], [3], [4]: boosting, that is, the
problem of combining the outputs of moderately accurate
classifiers to get, with high probability, a highly accurate
ensemble [5]. Online learning has also benefited from this
framework, as well as relevant applications in portfolio
prediction, text categorization, and calendar management [1].

On the other hand, unsupervised learning algorithms have
so far remained remarkably cut off from this line of work. A
notable exception is the work of [6], [7], whose objective is the
use of Bregman divergences to extend current clustering
algorithms such as k-means and Expectation Maximization
(EM) to densities, members of the exponential family.
However, this work does not consider the modification of
clustering algorithms by leveraging data, which is the crux of
boosting. This is all the more interesting as is it well-known
that Bregman divergence minimization brings weighted
iterative solutions for learning [1] and there has recently
been a growing attention around weighted iterative cluster-
ing algorithms in unsupervised learning, such as, harmonic
means clustering [8], [9]. Recent approaches have even
emphasized the benefits of weighting the instances in
clustering [8], [10] and make first attempts to explain the
quality of the experimental results by boosting analogies [8],

[11], [12]; unfortunately, the analogy has so far remained
quite loose, supported mainly by experimental results and
the notice that weighting functions tend to give greater
weights to points less efficiently clustered, thereby “attract-
ing” the cluster centers.

It is the aim of this paper to formulate clustering as an
abstract problem of constrained Bregman divergence mini-
mization. The solution yields original extensions of clustering
algorithms, whose application is given for four members:

1. k-means [13],
2. fuzzy c-means [14] (called, in this paper, fuzzy k-means

for notational convenience),
3. Gaussian EM [15], and
4. harmonic means clustering [9].

This solution has attractive boosting related theoretical
features [4]. It completes the previous ad hoc analogies on
the behavior of weighted clustering [8], [9], [11]. Further-
more, its implementation does not require a significant
implementation effort as it boils down to plugging a local
module for weight modification in the abstract clustering
scheme of [8]. Also, weighting does not exhibit a significant
complexity increase. In fact, compared to clustering algo-
rithms such as EM and harmonic means clustering, there is
no additional complexity penalty. We have implemented
and tested our applications. Numerous experiments assess
the influence of various parameters on clustering, such as the
cluster types, the balance between clusters, and the
initialization of clustering. Among other comments emerges
the fact that weighting is a worthwhile companion for
clustering and, in particular, a convenient alternative to
previous clustering with soft membership (fuzzy k-means,
EM, harmonic means clustering), which seems to work
better as the problems contain highly imbalanced clusters,
i.e., as they become harder.

Section 2 presents some preliminaries on clustering.
Section 3 details the theoretical aspects of clustering with
Bregman divergences. Section 4 presents and discusses
some experiments with a readily available implementation
of our algorithms. Section 5 and the Acknowledgments
conclude the paper and detail the code availability.
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Lab., Université Antilles-Guyane, B.P. 7209, 97278 Schoelcher, Martini-
que, France. E-mail: rnock@martinique.univ-ag.fr.

. F. Nielsen is with Sony Computer Science Laboratories Inc., 3-14-13
Higashi Gotanda, Shinagawa-Ku, Tokyo 141-0022, Japan.
E-mail: Frank.Nielsen@acm.org.

Manuscript received 6 Sept. 2005; revised 22 Nov. 2005; accepted 29 Dec.
2005; published online 13 June 2006.
Recommended for acceptance by L. Kuncheva.
For information on obtaining reprints of this article, please send e-mail to:
tpami@computer.org, and reference IEEECS Log Number TPAMI-0482-0905.

0162-8828/06/$20.00 � 2006 IEEE Published by the IEEE Computer Society

Authorized licensed use limited to: Ecole Polytechnique. Downloaded on October 1, 2009 at 05:30 from IEEE Xplore.  Restrictions apply. 



2 DEFINITIONS AND PRELIMINARIES

Our notations closely follow [6]. Bold-faced variables, such
as p; x, denote (column) vectors. Sets are represented by
calligraphic upper-case alphabets such as X . The elements
of X are enumerated xi, for i … 1; 2; . . . ; jXj (xi if they are
vectors), where j:j denotes the cardinal. Blackboard faces
denote subsets of IR, the set of real numbers. h:; :i defines
the inner product for real valued vectors, i.e., the dot
product, and k z k… hz; zi

1
2 for some real-valued vector z. A

distribution w over X is some unit mass discrete measure
and the uniform distribution over X , u, is such that ui … 1=n
(81 � i � n). In the context of clustering, this set, X , is a
point set of n elements in a d-dimensional metric space.

Clustering aims at recovering a structure in data. We are
given an integer k > 0 and wish to recover k component
models that best fit sampling X . Prominent approaches,
including k-means [13] and EM [15], can be cast in a
probabilistic framework. Each model is a density, pð:; �jÞ,
for 1 � j � k, where �j denotes its parameters. We note, for
short, pðxi; �jÞ … pj

i . For any distribution w over X , define:

�ðwÞ …
Xn

i…1
wi�i; ð1Þ

�i …
Xk

j…1
�mðj; iÞ logðpj

i�jÞ; 81 � i � n: ð2Þ

Here, �� is a distribution over the set of models, the mixing
proportions: �j is the proportion of X that comes from model j.
mðj; iÞ is called the posterior responsibility (or probability), or
membership function, as it generally defines a distribution over
the models for each 1 � i � n. mðj; iÞ defines the proportion
of element xi that belongs to cluster j. Equation (1) is
formulated in a general way for future purposes, but, if w
were uniform, ðw … uÞ; ��tðuÞ would equal the expected
complete log-likelihood, which is approximately locally
maximized by k-means and EM in their respective frame-
works. The main difference between k-means and EM comes
from a longstanding debate on the assignments of points to
the clusters. k-means chooses hard membership assignment
since each point belongs to exactly one cluster (for each i,
mðj; iÞ is 1 for a single j and 0 for all others). On the other side,
EM chooses soft membership of each point to all clusters.

More recently, some authors have begun to question the
transfer to clustering of a well-known supervised learning
principle. Boosting [2] has shown from both the theoretical
and experimental standpoints that improvements in the
performances of iterative supervised learning algorithms can
be obtained when one makes subtle reweighting of the
(labeled) points in X . It seems natural to try to transfer this
property to clustering: Whenever the loss function is
essentially decreasing as a function to a cluster center (such
as for Gaussian priors or, more generally, members of the
exponential family [6]), points with higher weights should
attract the cluster centers [8]. The iterative nature of popular
clustering algorithms [13], [15], [11] is certainly another
motivation for this transfer as the adaptive nature of boosting
algorithms comes, in part, from the fact that they are iterative.
Weighting a clustering algorithm boils down to defining a
distribution w over X . So far, however, exploiting this
analogy has been mainly the subject of empirical studies

only. A first example is Topchy et al. [10], who tailor
resampling to make clustering adaptive, by favoring points
that have been less efficiently clustered so far. A second
example is Zhang [9], who replaces the k-means loss by a soft,
differentiable loss which introduces the distance to all centers
instead of just the distance to the closest of them: the
harmonic mean.

Algorithm 1. General Iterative Clustering X ; k
Input: point set X , integer k > 0
Initialize the models pj

0; 81 � j � k (plus eventual related
parameters)
for t … 0; 1; . . . do
[1.] Compute/update the memberships:

mtðj; iÞ; 81 � i � n; 81 � j � k;
[2.] Compute/update the weights: wt;i; 81 � i � n;
[3.] Update the models: pj

tþ1; 81 � j � k (plus eventual
related parameters);

Algorithm 1, which is inspired by [8], gives a useful
abstract view of clustering from which we may derive all
algorithms we consider in this paper. Remark that the
algorithm’s parameters (memberships, weights, models,
and related parameters) are indexed first by an iteration
number (e.g., t). With the help of Algorithm 1, Table 1 gives a
synthesis of the four categories of algorithms we consider in
this paper, including the loss that each algorithm strives to
minimize. Here are some additional comments: There are two
popular initializations for the centers ��0;:: Forgy and random
[8]. Forgy initializes the cluster centers by picking at random
k points over the n. In random initialization, centers are
computed by first assigning each point to a random cluster
and then computing the cluster centers from the sets
obtained. In EM, ��0 is initialized to the uniform distribution
(it remains uniform in k-means). We have modeled k-means
with Gaussians having covariance matrices proportional to
identity. Under the constraint of hard membership, it is easy
to check that ��tðuÞ ((3)) is indeed maximized for the
membership choices in Table 1. Furthermore, the update of
the centers in Step 3 of Algorithm 1 boils down to a
conventional least square minimization problem equivalent
to the quantization error minimization [13]. In our context of
clustering and after Kearns et al. [16], we define the current
KMN loss on some point xi as minj k xi � ��t;j k2 . Since
clustering algorithms do not always minimize the same loss
(see Table 1), the KMN loss is sometimes used as the preferred
comparison measure [8]. Finally, in EM, Step 1 would be the
E-step and Step 3 would be the M-step.

3 AN ABSTRACT WEIGHTING SCHEME FOR
CLUSTERING ALGORITHMS

Definition 1. We call the advantage over distribution wt at
iteration t the quantity �t 2 IR that satisfies �tþ1ðwtÞ �
�tðwtÞ … ��t, 8t � 0. We also define vector dt such that
dt;i … �tþ1;i � �t;i, 81 � i � n.

We thus have hwt; dti … ��t. EM and k-means are algo-
rithms that work by a repetitive minimization of �tðuÞ. They
guarantee that, if wt were uniform, then we would have
�t � 0 so that the clustering would indeed get better with
the iterations (hence, the name of �t).
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The problem is: What if we demand that the advantage be
measured on other distributions? Is there something to gain
over the initial uniform distribution u? These questions may
appear surprising at first glance because u is the natural
distribution of data. Thereby, it is certainly the most direct
way to minimize the loss �tð:Þ. But, it appears not to be the
only way to achieve this goal. Surprisingly, sometimes, it is
also not the best.

The remainder of this section is now the investigation of a
particular weighting scheme and its possible theoretical
benefits on clustering. For this objective, we make two
assumptions on Algorithm 1: First, w0 … u. Second, in
Step 3, we pick pj

tþ1ð1 � j � kÞ such that:

hwt; dti … ��t: ð11Þ

This is equivalent to having:
P

i:dt;i<0 wt;ijdt;ij … �t þ
P

i:dt;i>0
wt;ijdt;ij. By means of words, when �t > 0, the total amount of

loss decrease exceeds the total amount of loss increase by
quantity �t (with respect to wt) and the next clustering
models are chosen so as to make the new clustering have at
least a small gain on wt. In Boosting, there is a similar
assumption of biased weak loss reduction, called the weak
learning assumption, which turns out to be sufficient for
significant unbiased global loss reductions too (i.e., over the
initial distribution) [2], [4]. We now show that it is also within
reach for clustering, provided the sole satisfaction of our weak
clustering assumption ((11) with �t > 0). For this objective, we
return to Step 2 of Algorithm 1. wtþ1 is found by minimizing a
convex functional under some particular constraints. This
functional is a Bregman divergence: The information diver-
gence [1], h1; iti, with it the vector whose coordinate for some
xi 2 X is it;i … wtþ1;i lnðwtþ1;i=wt;iÞ � wtþ1;i þ wt;i. The pro-
blem we would like to solve for wtþ1 is the following one:
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TABLE 1
Synthesis of the Original Algorithms Considered in the Paper

Authorized licensed use limited to: Ecole Polytechnique. Downloaded on October 1, 2009 at 05:30 from IEEE Xplore.  Restrictions apply. 






















